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S i g n i f i c a n c e  and Exp lanat ion

~‘ ‘I F”cat  ion at Gauss points  has bec~~ie a popular met hod for

t tie ol  i t t  t o r i  of boundary v a l ue  probiems fo r  o r d i n a r y  d i f fe r en t I al

t p t t t  I ~ ‘n ; , hot h I inear and n o n l i n e a r .  I t  is the re fore  n a t u r a l  to

1 1 . i t h e  met hod for  the  solut ion of the  corresponding e i g en —

; , i  1 . 1  1 em.  Rut  • t heory and n u m e r i c a l  exper iments  i i i  ‘or t od in

I t o t  at  ur .  l e f t  open the  quest ion of j u s t  how w e l l  cig en v a lu e s

i 1.1 t o  ~i; ’ptox imat  i ’ I  by t h i n  met hod - That in , proven convergence

t !  w~~i o mu c h  lower t han one would hope for  or con ld d einonst r a te

i i i  r i  I t i t u n i r i c a t  exper Uitent s . The present  report set t i r s

• I i o t t  t v  1 • ‘vi nq o~ t irn a 1 cemver q t ’nce  r a tes  fo r  t ho met  hod .

0 • ; z m , n t  req ut I ‘d 1 e W I ’ r h i n q  .~~ii1 , ; t  2 o f l~ It  h en in g  u ’ t  t h e ’ e ’x i ; ; t  inq

I i . • r  t ( I i i ’ i~ i ox m a t  ion .. ‘t e ~~ en va m et-i ot  e.’~*~~1’act I i l i t t i  ma p e

For
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(‘aLLOcATION APPROXIMA TION it~ t-~ (;EN \ ’Ai UPS
OF AN ORDINARY DI F FERP N ’l’IAI .  t ’ y t T A T  I i  ‘N

THE P R IN C IP LE OF THE T H I N ~;

Carl de Boor and B l a ir  Swart z

~,~~~~In t roduct  ion. The eigenvaiue problem we connider  is of t h e  form

(1) (Mx) (t) r \ (Nx) (t) for t [0 ,1) , f~.x = 0 , i 1,... ,m

(in )
wh e t ,  (\ ,x) ~ C [0 ,11 is being sought and

(2) (Mx ) (t) : (D in
x) (t) + ~

‘ 
a . (t) (D’x) (t)

i<m
(Nx) (t) : V b . Ct) (D~x) C t)1

r<rnm . . (rn-i)
wit h a sequence of linear f u n ct i o n a l s  on C 10 ,1).

We approximate this problem by collocation, as follows. We choose a (;;trict) parti-

t i o n  .\ : (t )~ of [0 ,1),

0 = t o ’ •~~.~~~~t~~~= i i

and , based on it , a sequence ( t .) ~~~~ of collocation points , k to each i n t e r v a l

I t ,t Ir r-+ l $

( 1 )  : (t  4-t + u ’ .At )/2 , i = 1, . . . , kkr+ i r r+1 i r
w i t h  C , )  a f i xe d  sequence of point ;;  in the “ standard ” in t erval [ — 1

k 
1 )  . Then , we

i e k  \ • ~ and x fl~m 
:= ii C (m l) 

[0 , 11 sati; ;t~ ’ itiqk+rn , \ k+m ,A -

( 1 ) (Mx ) ( r , ) = 1 (Nx ) ( t -  ) ,  i = l , . . . , k Q , t~ . x = 0 , i
1 i 1 A i

He re , consi s t s  ot a l l  func t ions on 10 , 11 which • on e’ai ’li i n t  orva 1 [t  , t .r , . ’\ 1 i~~1

i t i c  i de  w i t h  some pol ync~n ia l  of order r , or , of deqree ‘- r -

ii  t h i s  rat er , we hound t h e  ci i f  ference between the  cigon u i  c~ncn t ( 1  , x ) tri d it

cs ’I  locat ion approx imat ion ( \ x ~
) , an a func t  ion of the  max imum mesh max . \t

t l~ ’ a ;;c,’Ti t of \ , and the  choice  of t he c o il  ocat ion pat t erti (~ . )  . I t t  j~a r t  u cu lar

wi -;how , in Theore m 1 .1 , that

( 4 1  = \ + O(

in  c e i  \ has ascent I and (~‘ . )  are t he  Gauss—leg endr e  p o i n t s .  We at o how

I h i t  i t  in  n o t  i o’;;; i !‘ii’ t u~ obtal . l i i  s resu l t  a;; an a p p l ica t i o n  of o 11 ‘ :; [ i i )  genera l

i v - Fur t  her , we show t h a t  (4 )  holds a I no when I has .t,;c , ’iit  cir t u t e l  t han 1

- t  • ‘v i I ,~ I 1 rep l ,ici’ I by an averaqe of e ’ert a in nearby ipprox im at  e ci  I1I ’IIV i t~ u ; ;  - We

ii no • ‘ht a i r t  Oct  •~ 
.‘k 1 a~’pn -ox imat ions  t o  breakpoint v a i n , ;; of t h e  , i q o t i v i ’ct on x

‘i ,‘d by t It, ‘ru it i’d ;~tat es Army t ind er  Cont ract No. ~iAflc ,2q— ,~ C ( i 0.’4 i n t l  I ’\ I he
I n  i t I i i  ~ t at  ‘‘ ‘ t~~~, t t  tm,’nt ‘t Pneriy t i n d et  Cont ract No. W — 7 4 I °~H n i i  . l i ,



Here is an ou t l ine  of the paper . In Section 1, we identif y collocation as a par-

ticular projection method applied to the eigenvalue problem

A T y = y

for a certain compact linear map T on an appropriate Banach space. In Section 2 , we

apply Osborn ’s nice results to this projection method, indicate that one cannot obtain

(4) in that way , but defer a proof of this claim to Section 4. We then modify Osborn ’s

analysis appropriately in order to relate , in Theorem 2 . 2 , the error A
~

A
A 

to numbers

of the form

(

with an approximate (generalized) eigenvector and p a (generalized) eigenvector

of the adjoiri t problem . In Section 3 , these numbers are shown to be O ( I A I
2k ) for

collocation at Gauss points , which leads to (4) . Section 3 also contains a short dis-

cussj on of related results.

We have deferred discussion of numerical examples to a companion paper [31 . We

found only one real example of an ordinary differential equation with an eigenvalue

of ascent greater than one in the literature . Yet, existing theory (and the theory

developed in the present paper) give convergence results which strongly depend on the

ascent. The three examples we give do show that the proven convergence rates cannot

be improved . We also offer an explanation of sorts for the curious way in which approx-

lunate eigenvalues have , in sane examples , been observed to converge to an eigenvalue

of ascent greater than one.

In the process of writing the present paper , we have reexamined the at times

convoluted arguments in de Boor and Swartz [2) for the superconvergence of Gauss point

collocation approximations at knots. This has led us to a whole family of projectors

onto 
~~rn+k~~ ’ 

of which interpolation at the Gauss collocation points is only one

example , which all lead to O ( t A I
2k ) approximations at knots and therefore give

O(L\I 2k) approximations to simple eigenvalues. We discuss these ideas in (41 , where

we also give an alternative proof of Theorem 3.1 which makes no reference to the

arguments in ( 2 ) .

_ _ _ _ _ _  _ _ _ _  
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L Tr an , ;  t a t  t or i  t o  an abst ract  setup . We would l i ke  to ci t ;c : u 5 ; ;  coi l c ’ca t l °t i  I I I

ho ;;ct t ~nq ot  ‘ ;; I ’or n t  (11 1  , Va i n ikko  (1 2 1  e’t al . , I . c . , as a problem c i  a l t I t c ~ : i m i t  I

ho • n~+ -n d  tinon i t  ; of a cc~inpact maj ’ T on san e Banach space Y , and t h e i t f o r t  asnuint ’

hcl t 1’ 15 ~~~‘t an t ’iqenva lut ’ of ( 0 .  1) and t hat the  c oe f f i c i e n ts  oh M are cont i r i t tou ~.

we w i l l  assum e t hem t o  be q u i t e  smooth) . Then M 1 
eXist;; . i ; ;  an inteqral

‘ t or ’ I :~~ fl , k’, 11

(It lM
1
y) (t) (1 ~~~ ,s) y(s) ds

0
w i t h  ~; ~.i ci i; ‘ S fu n ct  ion for  t h e  prohl~~n

> 1x 1 ( t i  = y ( t )  fo r  t 10 , 1 1 ,  i~ . x 0 , 1 1 , . . .  , m.

F u rt  h i e i  , ( I  , x )  is  an e iqenelcment  of ( 0 . 1)  if and only  i f  C l  ‘1 , Mx ) is an t’

i tmnen t o t  t l i t ’ t ’~ i 1 ’ t t t l i n ear map

( ‘ )  T :=  N M ’

oil I = U. , 10 , 11 . Note tha t  T in cl iven as an int t ’~~ral operator w i t h  .e

con t t nU O U S  k e n n i e’ 1 7
rn-i

11 r ( t  , s) h C t )  (~~/~i t) 1(~(t , s) ,
i=0

i i  0 t re . ~~~~ Cc t a;; a mal’ f rom fl , i n t o  C . In fact , 1’ map ; ; ll. , 1\~tiIlc1t’ cI ~~t ’t

p
to tiii i to ml~ l. ;;;.c ’iiitz cent i t i t i O t i ; ;  n e t s .

a h i t ; q e ’ t ransforms (0. 1 ~) into the  prob lem of t m d  inq  ( , ‘ V

- - ;;i t h ;  I hit

i . ) -
~ \

\
(TY

\
) ( n . )  , i = 1 , . ..  , k C

w i t h

: ( M z : ~ 
~~ m , ~~ 0 , I 1 , . .m + k , .\ 1

We ~‘nv ~~r t I h i  i r i t e  an o r d i n a ry  e iqenvalue prohi tin involv  i f l q  s~ine ep erat  on 1 ‘n

by i t ; t  i , t n ~ ;
~~ I hi’ 1 irle ’ar pro lector P which carries C ( 1 1 , 11 C : C It • t 1~ 

~

~ [t  
1 ~~ ‘ V l’v a;; soc h~t m g  with each y i ‘

~~ 

(0 , ii t lii ’ t in I clue , I  emeun t

I I i i~h ~ h

(~ v I  i i 1 - v ( 1 , 1, . . . ,  k~

~ h t ’ ;u t l ie t c. n d t t  i t ’ l l ; ; :  f V and f ( j . ) = q( n , i = I , . t n ~~’ t’qu i v a 1~~r i t  I . ’

h i  c ’I i t ’  t c  I i  I i t t  I P . The aI’prox m a t  e e’ iqenva I Ut’ ~ i O l’ 1 m n  C . 1 ,
1 i U t h en • t  O h ’

‘~0 t v , t l t ’n n t  I t 1  t’rol~l tin oh C tnnd inq (1 ~~~ ~1 a’ ‘ I U u i c h i  t h a t
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( 51

wit h

P~ T

c~t c ’c ’li! U i ’ , i t  is  not clear a priori that  P i;; even def ined . But n o t e ’ I h i t  , 
~
‘

.1. t u t  it i~ ‘ni , I’ i s  t he  un I clue e .lemne ;nt in V , i . e • , of tht ’ form Mx wit hi x 
~~

0 , ~ 1 , . . . ,un • which agrees w i t h  y at the n .  ‘ . Ac ’ce ;d in q  t to

I h ~ ‘n ,~~i 1 • 1 of di I4oor and Swart z ( 2 1  , t he re  ex i s t s  a ~x s  i t  i ye ’ const~ depend i i i . ;  h ’! ; ‘~

so t hat , for  a 11 part it ions .\ wit In

max . ,\t , t’onst
1 1

.i; s~ a l l  y • C I C , 11 , the’ coi l  orat ion equat ion

(Mx ) C t )  = y ( ~~~.)  , a ~~~~ ,k~~, ~ .x = 0 , i = 1, . . .  • m ,
.\ 1 1 S \

ha ;: t ’~~ t lv  ‘t; solt i t  ion , x , j~~ fl~~
’ . (To he’ pre’ci ~~~~~ de ’ ~ eor and Swart  1.’ 1. 

.\

.u;;suin t’ .td~1it  1~’n ;a1 Iv t ha t  C i ’ . )
m is l i nea r l y  independent over fl~ , hut t h is  .icsumpt ion

1 1  m

wa . ;; howni to  b ’  ;; t i p e ’ n f l  uous I’ Wi t  t enbr ink  ( 16) . P.lso , both paper;; on ly  cons i cier i ca l

val ue d  f u nct i o n ; ; , hut the’ extension to complex valued functions 1;; t r i v i a l .  W i t  I •~n ;t ~i i n k ’ ;

fermulat ion would also appear to be appropriate for problems in w h i c h  t he  
~~~

. .~1 c ’

oTt 1 .)  T h i s  insures  tha t  P is defined for a l l  .\ wi th .\I s u f f i c ien t  lv small

and .il low;; t in t o  conclude from [21 that p converges to  the  Ide ’nt i t y p o i n tw i  ;:e ’ ott C l i ’, I

I n  t a c t , i f  (~~~~ • )
fl~ in  l i n e a r l y  independent over U~ = kor D~ , then P

~ :‘~~~ 
1 1 11, (hiinM

_ l
t , w i t h  P t he  l i n e a r  pro je ctor t ak ing  m to Pm X

\ 
and shown; i n ;  ( .‘

~

I e~ hi beninntteti or ; C 10 , 11 i ndepende’nt iy of .1 ; hence P is then l~~uncl t ’el Ott  C [ C  • I i  i n ,  i

l i t i l u n t  l y ‘I . \ . In t he  more’ general case , an arqument like Witt t’nbrink ‘s (see I le’ ;

‘oh ‘h Theorem .~ 1 ) shows th a t

(‘1 11( 1 - P ~) yfl const 11 (1 - Q 
\

) D
in

M 
1y11

‘n ; m ’  count  independent of .\ and w i t h  i~~~ interpolation frau ~~
‘ 

k ~ 
at I he ’ . 1 1  ‘c.i —

I i s ;  po in t ; ;  C . 1

in COlic in;. j o n t , not only is P clef m e d  for all small .\ , but , 5111cc ‘1’ Tn~ t - U

c c  li1~ ac t  I y in t ‘ C • we’ hi .i~’t’ T \ P \
T clef m e d  and on i form ly  convergent  t o r .t - ‘

-4— 

~~~‘



2. A general result. In this section , we recall Osborn ’s results and then

rephrase his arguments to obtain a simple yet useful formulation of the error in eigen-

value approximations by projection (and other) methods . This formula t ion  makes i t  evident

(as Osborn ’s or Vainikko ’s does not) why eigenvalue approximations by collocation are of

such high order .

We recall from Osborn [11) (or from a standard reference such as Kato [81) that ,

associated with each nonzero eigenvalue p of a compact linear map T on the Banach

space I is the invariant subspace

(1) S : ker (ii —

i.e., the kernel or nullspace of the linear map (p — T)’
~, where a , the ascent or rank

of p , is the smallest integer for which ker ( p - T) a 
= ker(p - T)~~

’1’
. S is finite

dimensional , say

a := dim S = : algebraic multiplicity of p

while the geometr ic multiplicity of p is the number g := dim ker(p - T). The elements

of ker(u - T)\{O} are the elgenvectors of T , while those of S’\ker(hJ - T) are called

root vectors or generalized eigenvectors. S is the range of the linear projector E

given , e . g . ,  by the formula

(2 )  E : ~~~~ f (z — T) 1’dz2lT u. r
with I’ any circle in the complement of the spectrunn of T and enclosing in its interior

but no other eigenvalue of T . The jinear projector E can also be written in the

form
a 

*
(3) Ey = 

~ 
(y , tp

~ 
)~~‘

a 
i=l 

* awith (
~~~

i )
i 

any basis for S and (‘p .)1 
the corresponding dual basi s in

S : ker(p —

i.e., ‘p .  E S , all i , and (‘p .,p . > = 
~~~

. .  , all i ,j. Here , T
* 

is the (Banach) —
3 

*adjo int or dual of T , i.e., the linear map on the topolog ical dual Y of Y which is

characterized by 

* * * * *(Ty, y ) = (y, T y ), all y c Y  , y ~~Y

and ( , ) denotes the natural pairing between Y and Y . In particular , S is the

invariant subspace of T* corresponding to p and has also dimension a

~
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~~~t ’ ~~~ . i t f l  :~n’ ;  .1 11 i’s ’ t .‘ ‘;; i n  ~ ‘ I 1’~ c ’c~ tit’a T i  r tq  mat  i- tx n e ’I’i i ’Se ’fl t at i t ’l l ; ;  t oh  
~

‘

Is ;  i ’  i n . h ’ n 5 - • i t t  i ’t  t oct • i t ;  c ’;;l ’ c ’T !; [ i l l  t c ’ 5iot t h e ’ i’; ; t  m a t  c ’; I ‘
~~ .u ; ; I ~~ .tnt ~l 1;;

• c~~i i t o  i x ; -  I Ic i t  Iv , in 7it k i t t ; ; c ’;i [ 1 1  .in i i t ;  ~-~t d i C ; ;  [ ‘~ 1 : bitt we ’ do i t  a 1 i t  t I~ ’ 1’ i t

c i t  t~t 1 ’ i i ’;; I l v

J h~’ t h~’ mat n i x  ; , ‘ ; n  , ‘ ; , ‘n t  i t  ;~ ‘;; c c i  T - is i t  ~; i r ’ ; ; i ’ r ’ c ’t t , ‘ I he ’ h i ; ;  i s  i . ’ 1 a 
I n

1 1

S i  ;n- • - i t ;  - • :; 
~~ 

‘ • ~
‘ 

~. — 1  t , n .t l  1 1 .o .;~~
- 

~ • . i n . I  I hi ’:: I he;  e S .1 , ‘,n -

L 
i

_
i’ - I t ’ll ,! i t s ;  i - a - ; . ; I or  C is’ i t- i .;  1

-~~~~ -

~~~~~~~~~ -~~~~ .‘ —--—
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(c t ) p ,.‘ c , ’, , 1, 1 , . . .
1

* *
C i ; , -o . icy (3) , ~

‘ ,‘ 1’ , we see ’ that
I 3

* * *( ,‘ • ,.‘ , ) = ( E c .’, ,c..’ . ) = ( ‘, ., ‘.~~, 
) =

1 , v  j i , v 3 1 3 13

hctR’e y = Y y ,~~
’ ‘ ‘

~~ for all y S • thus  the matrix representation .3 f , ’ c r

- ~ z t i i  r ’ ; .j ’ ’ ’t t o  (v’ . )~ bias (i,j) —entry

(J ) ,  - = ( T  .‘ . ~~~~~ 
) , i ,j = l ,...,a

V 1] \ ‘  3 , v  1

But  t h e ’ o ; i t r i r ’;; of J are given by a s imilar  expression . We have

* * * *(J ) . , = ( T ~~, , . ~- , ) = ( T E ’p . ,~~‘ . ) = ( E T ’p , , ,‘ , ) = ( ‘ r . , ci” . > ,
13 3 1 J , ~ ’ 1. 

j ,~ = l ,...,a , 

j \’ 1

; i : ; i ; ; c l  t h e ’  f , i c t  t h a t  T commutes with i ts spectral projector  E . Consequently ,

(h’c) IJ - J II const max 1< (T-T ) ‘p ,  ,~~~~ . > .
V — 1[ • II . . V 3 , V 1

1 , ]

We qa t  her  these facts into a theorem

Tht ’ t c r r ni .’ . 2 .  Wi th  the assumptions and notat ions  of Theorem 2.1, let J be the

m a t  ;ix ;c ~~-rt~se’ntat ion of T I S  w i t h  respect to  some basis ~~~~~ of S . Then , T I  —

is ; ; i :n t 1,ir t o  a matrix .3 close to 3 in the  sense tha t

*(ii ) (3— 3  1 ., = ( C T  — T )c. , ,~~~~ . ) , i ,j  =
\‘ 13  \‘ 

~~~~~~~ 
1

* I
w i t h  t . .’ ) t h , - basis for  S for which E’p = s” . , a l l  j  , and (~~ , )  t h e  t ’ , t C j ; .

1 , V 1 - - - — V 3 • V j — — 1 1 - - -  - - --

- * a a
- ci dua l t ~c (: - ) (and to (‘,~ . )

— _ - —  1 1 1 , \’ 1

I t  t c c l  lo w;; t h a t  t h e  e igenvalues  of T close to ~; are those of the  m a t n ,- i x .3

I i ; ; ; m c i  i r t q  .1 1 ~i ebra ic nnul t  ip l ici ty and structure) and , since 3 has p a;; an ci q en~va 1 i;e ’

iii jii;;t t h e ’ n ant~’ way as T does ( including algebraic  m u l t i p l i c i t y  and structure) , t h e

.np !’rc ’x i m , i t  ott  l ’ r t T t ’ l t ics of the  process can be read o f f  from standard perturbation argo—

ment s  w h ;~~h c ’ottn p.I t’ e’ t hi’ c ’ iSTenvalue s of a m a t r i x  3 w i t h  those of a per turbat ion .3

• fr o n t  W j l k i n s s c;; [ 13]  , in the manner practiced by Atkinson [11 and Kreiss HI .

lxi ~~, i ;  I i t ’ l l  1.n n-

(1 .‘i p — p const II ~ — 

V 
‘c

d f l y  c i  I t ; , - a ciqenvalues o~ , while



( 13)  I i ;  - (trace J )/a~ trace--; — J )  ~/a ~ co~~~t IIJ — J I l

an d a l so

(14) i l/p — (trace J 1
)/a l < const 113 — J I l

i n  fact , vi th ;~~~~~, . . •  ,
~~ . t h e  eigenvalues of J counting algebraic inuiti pli c it i s , l i _ s

, ‘ the  olexnent ary symmetr ic  funct ions in a variables , we see, by comparing co-

u n t ;  of the  cha rac ter i s t i c  polynomials of J and 
‘ that

( i s )  c . ( p
1

, . . .  , p )  = o ( p , . . .  ,p)  + 0(113 — 3 11 ), all j

F~~~a i l v , w i t h  g the geometric m u l t iplicity of p , there exists an eigenvalue ‘; . of

J (and T ) so that
c )  ‘ j

= , ,  + ~~~~~ - 
~~

1 V

T h i s  is a better rate than (12) except when all Jordan blocks of J have the sante Sj z ~~~.

The est imate  ( 16) appears in Wilkinson (13 , p. 81 ) ,  while (13) , (14) and (15) are

c hvion c . The proof of ( 12) (via Gershgorin ’s circle theorem) is lef t  to the reader in

Wilk inson  ( 13, p. 80-81). Atkinson [1] gives , so be says , a shorter proof . We record

our own version , for the record .

Fl
Since ( i i  — 3)

5 
= 0 ,

a 
( J  ) 11

f 1 = II (~~~ )
a 

- ( 3 )
a 11 < const II J-j II1 — v v — HI~ Il,IIj II V

V
using the fact that the map A I-~ A m is locally Lipschitz continuous. (Indeed ,

a-i . . a—i . .
Am 

- B 1 
= )‘ A C I J 1 (A-B) 8 3 

, hence h A m 
— B

all < [ ~ ll AlI~~~~
1lIBI 1II A- BII.) Th is

j =0 j =0
proves (12) , g iven that J -

~ J

Note that we recover ( 7 ) — C e )  of Osborn ’s theor em directly f rom ( l 2 ) — ( 13 )  because

of (10) and since

(J - J ) . .  = ( ( ~r - T ) (E l~ 
~V i )  V S 3 1(17) \1

— 1 * * *= ( (s ) ,~- . —~p. , (T—T ) 
~~~ . > + ( (T—T )

~ ,‘,i’ . >S 3 3 V 1 ‘. 3 1

while

( 18) II 
( E ( S  

)
l

’p_ ’p
~~ 

< I l l  — EIldist((E~ ) l ran E)
V 

< Ill - Efl const H (T-T ~ II ,

—8—

- ‘  ~_.~ _::i~~~ 
— .

~~~~ 

____
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Ia .t 1-- . - (~~) an d  1-e’~-au ;;~ - H (E~ )~~~~‘!~ ~ c ’on st Ii~~II for all s u f f i c i c .’ n ; t l v  I a i ~ j t  ~ .

‘- s r  tSI v , -  ~~‘ci t h e ’ t . i c ’t ; .  th a t  (E~~5
) ~~~~~ ( 1 — i - ) C l-H ) i

.’ , i n t l  t~~~~~ i t  P i s  a i i ; : ,  i i

j ,  5 , c~ O n t o  S , h O n c ’C’ H ( l — E ) v ~ I I l — E I I d ; s t ( v , s) w h i 1 5 ’ , f c ’ x  v C , d i - ; ; ( v , S)

tj J ( i -  ,~~- )  v i

r~’ma i i , . ; , I - c t  any  part iou 1 ar aliprox imat i cc i ;  si q u e l l  cc ( T )  , t o  c ’ :; I m i ,  ‘ c ll .i — 3 I

• , t 0 ii t i , it  e , - x l ress l u l l s  of t h e’ form

( 1  

* 

C T— i ’ ) ~~

wi t h , S , ~ C . ‘l’he est imate ’

(2 0 )  113 — J II const ll (T — ‘r ) II
V — V S

is  , - ‘ I  c ’ oui’ :; e’ , i r tunediate  f rom (17)  and ( 18) and provides  , in c ’ o n h u i n c t  ion  w i t h  12 1 — ( i t  I

I ~r~- -t  5is~ u ranc ’ t ’ t h a t  t ho  e - i ~ienva1 ; ;e s  of T are , indeed , approx imated w, ’l 1 by tho :; , ’ ci ‘1’ .

it  a l s o  makes t h e  impor tan t  point  t h a t  t he  error in the  t ’i go nv alu c  ap; r5 ’x imat  i n  , ic ’ i t  I , ‘\‘ t ~I

I ’ :’ S : - .l; t i cu l ar  dj ;;c’~~t’t i zat i o n  method i s  at  least of the’ saint’ o r l , ’; ~is t h e ’ , ‘r r c ;  i n  t he

Co il e ’ ; ; ; o ; ; di ; ; c ;  - !  : ‘c ’ l  etc ~ o I u t  ion of th c  i~r r u ’;;~co;s1 inq xic . ; i ; i n c J u l a r  c -~~~U a t  i c c ;;. }3ut , t h i s  t ’~~t ;~ ;~~t e

*
i t  , f a c t  t ha t  the  l i n e a r  f u n c t i o n a l  ~

“ is being ap~’1 it ’d t o  .t r , ’;; icds.d e; c cl  , i .0 .

o 5i1 e 1 &‘ifleflt of I he form ( T  — T ) y , a fac t- that , at t im e ’s , i t - id ; t - - - i i  : - ;  e ’ - I ;m a t  en
V

- : , x.tm~ le , assum e that T is obtained from T by pie -] eu-I ion , i . ~
- . , ‘r = P T  I ‘i

1 - c c t  c’l I’ . Then , as in ( 1 7 )  and (18)

I — 1 *
t (T-T ) ( E l  ) ~

V — 1 * *
( . ‘ I )  = ( ( E l  ) 

~~~~~~~~~~~~ 
( 1—n ) ‘r “ + ( ( 1— P  ) ‘iV ,~ ( 1 — i ’  1’

I s V \ ‘  V

* *c ’ucn~~t 1 ( 1 — p  ) 11 11( 1— p ) ~ I I II ~— II lI~
- II

— 
“ S  \ ‘ S

( n s i n~i t h e  f , ’c c t  th a t ( i — i ’  ) = ( 1— P  ) and t l t at  TS c Cl . This  i i c ’\’ l ,l,’;; ,I’.; ;di - a I  i c ’:;
—

c’t I he ’ l c ct ;t ia 1 “double accuracy ” in the eigenvalue d pi ’! , cx jma t i a;; I-v ;~~ i , -h  me t  t ; c ’ i  ,t - -

U i r - ’t i-roved by \‘ajfllkko [12]  , and also establ ished in  t h i s  ci , ’ : n ’r , i i  i I u’ i -v  c S h c ’ tS;  I i i ]

* *In the ana lys is  of Calerkin ’s method , or t h e ’  iea;;t — r O u t ;  c - . met  ho~I .  , 5 i ; :  c~ t v ’I ;

in t eg ra t ion ,

* ) = 
f

*

I ;  some ; Uf l c ’c ’t t ;  f unc t ion  c , whi le  ran P , i . e . ,  t h y  i n i t e sr ic o la t  j on t ’o n , h j t  I , ’;; ; [a;  t t n ,

~~Ic c J r cCt  or P = I’
\ • con-; ; 

~~~t of integration , i c i aj r ; ; ; t  c - o u t  , ii ; i  l ’ l e c ’ , -\s’ i s e ’ ;;sc c t  ‘ ; t t : : ; 5 - t  j o :

—9-  

— -‘- —  _ _ _ _ _ _ _ _ _ _ _  

-~~~~ ~~~~~~~~~~~ - ~~~~~~~~~~~~~~~~~~~~~~~~~~ -~~~~~~~~~ -—~~~~~~~~~~~ -- -- -- -- -----



Exp1iciti’~’, t l 1 i -;;

dist(; , ran  P~~) in f s u p  11 * 
f ( s ) i u  - f ) y , K . ( s)  f ( s ) d s l /hI f lI

‘

~ f i 1 1
with : ; l c ,n ; (K . )  a k in  to 

~~k in  approximation power . This a l lows the conclusion that

1 1 ( 1  - 1~~~~~)  = c~( A ( k )

for those’ methods  which ; , t oqeth er  w i t h  t h e  more obvious fact that 11 (1 — 

~~~~~~ 

O(

g I V e ’;; the ;c ; I l c ~ ht  —for “double  accuracy ” for such methods.

E’or u’c~1 1 c , ’~~ t ion , t h ou gh ; , di  ;;t (~ ‘ , ran f a i l s  to go to zero w i th  any k i n d  of r a p i d —

ity since 00W

dist (~~~, ran p~ ) in f  SU I )  
I f ~~~ ( s ) f ( ) d  — 

) y . f ( ; . )  /fl flI

* 
‘ 

~ f i
i . v . ,  ran P ‘oii; ; i stu  of l inear  combinations of certain point eva lua t ions .  There fo re ,

the siinple bound (21) only impli es O ( l A l k ) convergence for Gauss point collocation . Even

Osborn ’s more’ careful bound (B) only implies o (lA J ~~~
m
) convergence for Gauss point collo—

cation , with th t h e  d i f fer e n c e  between the order m of M and the order N (see Section

4.)

Becau;;e of t h i s , we proved Theorem 2.2 which relates to error in the oiTcnvaluc

approximation to the value of 1 smooth linear functional on the residual error in a collo—

cation approximation . For , such expressions can-i be shown to be O (IA I
2k
), as is done in

the next section .

—.—---‘ --- ‘- --_ —— ‘,- ~~~~~~~~~~~~~~~~~~~~~~~~~ 
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n i \ p,j,~I i r ’ ,i t i c c i n t r c ’r, , l loe ’at i on at t;au~ .~ P o in t s .  1o1 r ’~ ’~ 1 ,‘r ’at i~~~ ’ l i  , 1’ - ,b y n ~ ’i i h’ ,’i i i i

*t i e ’  j u t  i - ‘d u i r ’t  ci \‘ : - e ’ r ’ t I c c l i ; I i and I t he qiu~ant it ii’;; (T—1’ ~~~
‘ 

- l i - i  t In 01 l i C  . i l
t -  t , V I

ire ‘t it ict  ~ .‘ . 101 t ake’ t ho ’ f ot-un

*( I )  
~‘ ( t  ) (T— ’r )..‘ - ( t ) d t

‘
I ) )

and wi n nc ’ts I u t  , ‘nel t r ’ ~h ic W thne ’ny t cc ice’ 
~~~~ ,~~~ 

~ f t he’ eel I c ’0.it I ( ‘ I I  ~ ‘~~‘ m l  - ;  a i  .-  c ’ I t ’ “ -o I l

a ; ,  1 ,0!:~ ’. pc ’ n u n t ; -  , . i ’ . , i t  ce n sj  u t , ;  e ’f t h e  k ~~.‘t e ’; ;  cc l f bi.’ I , ’.~ i’u ;’hu i ’

ccf rl, ’,i i o, - . The’ u i . I l l’ ;; ’L : ;  of col ] ecc .i t j oin  ~it t~~~ t i~~ ;; point:; inn di’ Iir ’e.n and Cw.in

W, i : .  tca -r ’,l ‘‘Ii I he ’ o t ’5 , ’I V 5 t  ion tha t

( . ‘)  
~~~( t )  (‘t’~ T \

)~ ( t ) e i t  - O( I ,\V k )

in ‘ i ; ’ , ’  
~ * 

an ;ei ~~ i i i  - best h ;unoot h i .  But , sine.’ (I ) invo I Vi’S ~‘ t a t  her t h i . i u n  .. 1 1 xe ’  I

- have I o make more ,‘xi’l i - i t  ju i  it how ( .‘ ) eli’pe’neb; oni ~ ant i , t’e’t ’aui no of oii i  ,l i ’~ 1)  0

kc - .’p ‘ ‘ t i n  e~~t m i t  o r  moTh i n n d rj ~’nde-’nt , I . e . , desi’eneh. ’nt on l y  on t In . ’ numben I •~~ I ‘ t lie

•ir ’ ;um,’;;t j r  , i  h i t  de ’l jr ’~~t 0.

W, ’ c ’, ’f l t  1 11111’ t , ‘ i i ’ ; , ’  t he  h o t  , i t  i r ~~ ll  a u n t i  t ,‘tinl S of t lie pt’.’e~~’el iW~ sor t ion ; , h int  I’ cI’ 1.I ~~r ’ 1 ho

- ,e ic -  - ‘  01-i ‘‘ y ’’ \ c’,,’ i h e ’  Th ,c ; , ’ -~I’M 
r ’pn n a t e  ~nuhsci  Ip t  “ ‘u ” Al  ur ’ , we ~~~~ I li e • i h ’ h ’ n  ~‘v i . i t  i ’ ’n ’ -

lI~- II 
(n) Ht I

II -, 11 : \‘ II t~ , II
( r )  

~~

‘ 

~ 
( n  1

1 - t i n  t b ; , ’u , t s r  i - - c o o ’ I h at  ( ‘
~ 

1 

k 

h i : i : ;  been r ’ho- ;. -l n ;e ’  t h i a t

/
1 

1’( ~ Ii ( 1  - ‘ ) dl t) I ot a l l  p c f l ’
- 

‘ 
I In‘ —1 i i

I . 11511  1 v , o , ’ ,
~ 

- ;  ‘ - t u t u ,  - I lin t h n i ’  ‘i ‘et I i c  i~ ’nt  ml of M i nn  N i i  e ‘Ufle se c t  hi  c l i ,  ‘iI.~ In .~~~~i ’ ’ ’ ’ ‘ ; - i - - I ~

It, - ‘0~ h u h ’  I ~it
- t (-I i ‘i

i ’ t ’ n 
1 . (n + k )

1 1 1  . i l I  I

i n ; ,  ; t n q t i c  , l l ’ f ’ l  c ’,t .it ‘ ‘ ‘ii

( n  ( n — I )  u — I
I f  - t ’ 1(1 , i i  I’ I it ’;; . , ‘ r ’i i t  , I ’  I , ‘~ 1 ,

w ii 1~ ~~~~~~~~~~~~~~~~~~~~~ I I l i i ’  -~ ‘i , ’c ”” 
~~~ 

0, fl I i ’ ”  - ‘ r ’i t (0, 11 , t l i i ’ Iii.i ~~’ N 
— 

r i t  I I , ” ,

j I n ’ ( n ’ m l  ( r t m )  ( i t  I I  
-

~~ unt o N , au nt  N m .lh is  N ( n i t ’ s I , I o u i u n i k .  I l l  I’ ’’’ n - n h , . ,

I I i V . i  n 1 111 1 - n u t ’ -  - h ‘ i  ‘0 c i t ‘1’ he 1 esI i ~~ i nt~ I i ~ ,; t i O l t . ’n ‘ 0 iep ’n lV , i  l i i i ’  n n ’li ; - t - - of t utu , ’’ n ‘ ‘n i ; i l l

~~~
- i i -  

-
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(n~~k) *
N , and t h e  sam e holds for T , the adjoint  of T . This insures tha t

( 5 )  S c c~ ” k) 
, ~~

(n )

~md io j ’I  i i ’s , w i t h  (1 . 7) , tha t

( e )  Il (i — P~~) 
Is il = 0 ( 1  ~1

k)

t -arl icular , Li — J
A
Ik 0( l A l

k ) 
, by (2.20), and (2.12) now gives the r e s u l t; ;  cc l

R .  ~“ u m ; t t i e ’ r  (14 1 for  collocation .

Fr ’ a l so  conclude from (6)  and ( 2 . 1 8 )  that

( 7 )  II (E
s 

) ~~~~ _~~I l =c 
= 0( A 

k
)11 (1 for , S

Lemma L i .  There is a constant const depending oni y on k and ~‘ so that’

const J A t r
I fl+k+ l Il~~~H n (r ) H (T_T

A
)~~A II n+k (r )

Proof .  The func t ion  (T_ T~ )~’~ vanishes at the k collocation points ‘ k÷1 ’•
~~

r k f k  Ui (t ,t
1
] and , by assumption (3 )  , the polynomial  II (t  — 

~rk+s~ 
is or th o—

g en i a l  t a  I~ on (t , t~~~1
] . The argument in de Boor and Swartz ( 2] , in the proof of

Theorem 4 . 1  (w i t h  c,’~ p lay ing  the role of G ( t , . ) )  therefore establishes the i n eq u a l i ty ,

d e l - I t u n i u c l ,  of course , that (t , t 1
) and (T_T

A
) 

~ A L
(n
~~
) 
it~~ t 41J~ HI

Next , consider il (T_T
A

)
~~~

Il n +k , ( r)  with 
~ A= , A 

= 
1S

A J 
~ e would l i k e

f c c  bound t h u s number in term s of ~ - and its der iva t ives  on (t , t. ) , and t h is  se ’e’ins
— r r+l

f i t  t icu lt  since T \ f at a point depends , of fhand , on f on all of (0 , 1 ).  But ,

i~~~~i 
~~~~~~~~~~~~

‘n j ; ; ; ’e- 3 = (<T ~~~~. ,
~~
‘. ) ) represents T with respect to (~~~. ) . Therefore , w i t ) ;

.\ 3 , .\ 1 ‘u S , ,

(8) ,. M ’c, ’ . , ~~m i - I , . . .  a ,
u.,,\ m+k , ~

-
\

we’ hiave’

— T
1

)~~~~~~~~~~~~ = T
~~

.
’u 

— 

~~

Nx. - ~~~LT ) , M x .
A i - i  i , .\

I l I c i  J 3. Th I ; l  shows the  der ivat ives  of (P — T )~- , to he expressible in term;;
,\ ),,\

f f lit’ de’rjvat jVc’;; of the c oe f f i c i e n t  func t ions  of N and N ( i t  is on ly  here’ t h a t  is, ’

Use ’ flit’ full power of our asstimfct ion (4 ) )  and t t ho u . ’  c l  X 

, ~
‘
~ +m , , and , a;;

- - —12—

- — — -5- - ‘— S -
~~~~~~ - -~~~~~~ -



1
J ~~~ ‘3 (by (2.20)), it follows that

(9) II CT — 
~~~~~~~~~~ , A 0 n f k ,  (r) L. cons t

~~ N 
max Ix ~~~ k , (~~

)

To complete the analysis , it remains to bound (X ~~ A m4 k Cr) ~~~~~~~~ l e t  c - 1 ” .

Lemma 3.2. For c~’ S and x :~~~ M 
1 

, let N 
1 

i n t l  ç ( l ~~ 1

Then, for s=0,.. . ,m f k

(10) IlD
5
x
A

II
~~ - - -  

111 ~1~~~11 
Cr) ~ 

const C IA I / l . ’nt )
k

Proof. By (7) “
~
‘
A ’

~~’” 
= O(j ,’u l

k) , hefl C €’

(11) IID
S
(x

A 
- x)II ,, = C( IA l k) for s=0,. ., ,m ,

which proves a stronger inequal i ty than (10) for s=0,. . . ,m. l~’or in , one- nOW

proceeds as in the proof of Lemma 4 .1 in de Boor and Swar tz [ 2 ) ( w i t h .  t h e  t e l ,  c c i  x

and Rx p layed here by x and , respect ively)  to show , u s i u i d i  ( 1 1) , t h u ~it

II D (x - x A
) I I  C r )  const ( I ‘ u l / I A t r l~~ for  m t  I , .  . . , m t  k

in case x L
(m+1’

~ (t ,t
1J . But , by (4 )  , x = h a s  even m~ k t n  cent  i ln u i o u : .

derivatives.  III
Theorem 3.1. Let T be the compact l inear map on 11.2 (0 , 11 ~~ v eun l~y (I..’), w i t h

N and N g iven by ( 0 . 2 )  and sa t i s fying (4)  , and let ~i he a i i c n i z e -n ’e e i n i , -u i v a l t i e ’ of ‘I’

w i t h  corresponding invariant  subspacv S . Let T
A 

t~n~~~ ’r r l 1 o e u t i e u I ailcroxim.it ion

(1 .6 )  to T , and assume that the collocation 1roints (~
- .)  s a t i s f y ( 1 )

For all small  I A I ,  T
A 

has an_ i n v a ri a nt _ suhspace S~~ an d i m a t n i x re~j ’i ’; ; e ’ t i t n t  ion

of T
A IS 

for which

— const

wi th  J an a~proj iate ma e resen t ion  f o r  
T i s

- ‘ ~ n + kProof . By Theorem 2 . 2  , we onl y need to show th at t hue i u i t  e U  n , u l~ i n  ( 2 )  at  . - ( C .\

unde ’r our assumpt ions. But , by Lemmas L I  and 3 .2 and ( “ i)

1 * 
t
+l *I! cc

1
(T — T~~~) c  Al .~~ ~~ I f ~~~ , ( T  — T~~)cc , 

~I
0 

- 
~~~‘ 

~ 
i 1, ’

r

const At 1n ~4~k4 l 11~,*11 II ( T— T  ) ‘,- . 11
— 

r 
r i n , Cr) ,\ ,\ , n +k , ( n  )

V eonst At 1n+k+ 1
1~~

*
11 m ax (II x II ( I . \ ~~/ \ t  )

k)
- — —~~~~~~~~~~ — r u n , (‘) rn-u- k , (n’)
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h i , ; -  t h i ’’ ’ l ’ ; n~ ’ i - u n - u i - I  i t c h - i  t i - - i .  l us t  I h i ; ;  i ’ X l - t  F i i n e ’n i t de !flc’li5t 1~ I t  e’d t m a t  siw e ’ ; s r n t , cf
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- - h i i r , i . ’t i ’t ‘c c t i ldl ; ; , t f ’ ,  ~~- ; , t  ~ u , i l  ,‘,f. In h i ; ;  t I ; , ’ ; ;  i ;  ( 1 ” ],  W i n t he r  ~c r t u v c r 1  t h a t , 11 111 
~

‘
~~+m ,

;~;n - t earl ,

- , ( k u m i u u ( n ,m) )/-~
- 

— 1
,
,

, 
= ( ,\ 1 , - i  = ~ii ;cesut  c c l Ic

-‘ k f m in (n ,rn ) -II~ c ( i i  — i f l  = (~~- j ) ,  i rn —rn

U l ’~ ( i i  - I (I 0 ( 1 , \ i k + m i n ( n l r n - i ) ) , rn-rn i r n - I

t lit’ ;; .’ i .ist assuin i n s t  t h a t  - 1 . I- :xt . ’n s I V e ’  l lt l I f l e-rical work n’ ’pon t .‘r l  I b it -re ’ .il ; ; r c  i l i r i  i c ’ . i t  i n 1

t hat  5c*fl e’ ‘ , c ’ F t  of ‘ n t ; p . ’1 ’cc inu ~’r - n ’ c n c ’nc ’ i - W I ; ;  t ak i n q  ( ‘ l ice ’ for ti nt’ u } ’ t ’ l c c x  iur~at  e e’i qe ’nuv ~i l ; ; r ’ n  wh ; , - m ;

~~~~ m i t s ‘~‘, -r , ’ u ; ’ - , ’,l i n ;  t h ,  - c cc l  1 r c c ’ i t i~ ’n ~ . I ,at  liresIc (101 h ’n ’ e ’;;e ’Iut en1 ; ; r ~ f l0- unor.’ lninxne ’n’ i o u

ovi  n l o l i c ’o of su i t  - e ’ t c ’c d l v i ’ rd , ‘ l t c ’ e , fo r t we ;;ecn ’flei order ope ’I a  t e l’S  ; but ; - t i l l  f l i t ’  - I u _ i  F i r  ‘I  c i

cc! t t i e’ s t }c e n c ‘oli ve ‘ in l o l i c . ’ c ’c ‘ u ; l - l  ;;, c f  ) c c -  o ut  inia t e’d . Ce ’ i ’ t i t  t i an d Part or [t ’J t ’ Of lt  ein~’ l~~i t  .‘d

Col Iot ’at int l  t hie ’ - n , ’ I t — .1(1 1 (~~~i ~i t  Si ’r ’c ’l i c l  c c l .l,-n e ~~;‘ ‘l;~~’ l  1t1e~ I rc d lc lt~n1 (t~ i i )  Cx ) - a ( x l  u ( x l

w it ii K ;a i i u ;  ~co u n i t : ;  us I nq ll’~ , . t ’onlvercn t ’nlce r a tes  w on o itea t ne’l e ’V,-i u ; t  I ,‘ t h at

£‘M’’~ 
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I ’  — ‘~I — (. l ( J \ p 2k )

f l u  — u~ II 0 — O ( 1 \ 1
k’4~2 )

max l l’u ’ (u — u \ ) C x ) I  — (~( I A I 2k ) i 0 , 1

t’ rc~fl t h c ’ ; ‘ t a r t , our nume r ica l exper iisent s indicat ed quite clearl y that straight-

t c i t W , t t n t  n t ’ I  l n ’n ’,it ~c ’!i of ( 0 . 1 )  at the Gauss points using 
~~~÷m , A  should yield (at least ,

when t lie ’ a-  -c oot n’t \ i s  one)

‘hi
— \~ I 0C I .\~~ )

1 2km ax Jii (U — u
A

) (x
1
) I — 0( I.iI ) , i m

i . e - . ,  t t x su t  the ’ boot one could hope for fr an the kn own results for the boundary value

1 - l n d h d l t i n  [ “ 1 .  It wa s these experiments , of course , that pr anpted us to develop t h i s

h’a I ’e’r w h i c h  comicl c t  c - u  Winther  • s work.
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_____ is not approx imat~~1 a l l  th a t  w e l l .

- I j on , w~’ c ’i .i t’e ’x ’at 0 e ’fl out  e ’,-li I t e l  t’ont ent ion t h a t  Osk’oz- nu ‘~ ; tsou~ tl .‘ .

;;~-t - - t , ‘ ;n ~ e ’uie ’u ~;h ,  t o  n i  I V . ’ t ht - n b s ;  i rod i ( ~ lx~untj for the e ’ i c l e ’nvalut’  i t  c~~~ i ;

- - ‘ ; ,  - I ; i t  n ‘ , ‘ i l n ’, ‘~ i t  t r. ’il . ‘l’li e ’ n t t  I t~ i n~ti It V 1 Ie’5 Wit hi t he t e’rnn

(I t t’ — T
\

) 
~ . III -

‘

• ‘~~~ ‘ 0 , ’ n i t U ; ; , c’aniuie ’t  i ’t ’ sh~ ’Wln t o  be’ O( 
I .~ f k~ m erel y t ’t ’caust’ S j;; a t i l l  i t  0

-~ 
;: ; ; , ‘ n - ; ~‘uaI  I tii ~•.tn ‘- i - ic e ~it Sflicicut h i t i t l ic t  ion; .ul) s.

Wt’ 

* 

L~’~j ;n W~~t f; - . 5 imp 1. ’ t~~cu i1icl on CT — T
\
) • win it ’ ii has , in tact , not 1; i n ; , ;  t cc d -

h u t  mc ’r c - i  V t e l  L e O  c’!i t h u e ’ n clcv i c ’ii;; fact thnat

II i - i’  - ‘r~~) ~(I l IT - T~~II = Hi ’ - T~ II
-

- ‘ t h i s , t o t  ii ice ’ t iit~ c i i ,  t io r c ’ni,’e ’ be ’twc ’en t he ~
ct-
~1e ’u’ m of N and t h~’ On’ clO!’ c ct  N

i ’ l ndet - t he a;;sumkct iOli;i of Tbueorenu 3 .1

I.” fl -i ’ - r
\

fl ~ i~\ u~

I 1- , • Wt n ’c si f l( ’ t i te ’ w i t h  (1 . 1) that

- ~~~ f = c i (I  - P
\
) I C  • , s) f ( s ) d s .

~‘;; n t hc ’t . icy i i  . ) and ‘c ’c~, i ; i ; ; e ’ c ’t t ile ’ smoot }~~ e’S5 asst~~pt ion ( ‘1 .4)  , I ( , s) i ~~(m ) 
~~

i l l )  L I  - ‘ 1 1~~~ I i ,’ j f l  5 , ~~~~~

1
lfl I . • ;; ‘I c c n u~.t N 

t ~~~~ o < I

r s ’ n u ; , c ’,~ i5’t ; t  i v , I t ’cdlfl ( 1 .  -‘)

(((I i’
s
) T( ,s)fl ‘- ~ ~~~~

~t i ; , ~ ~,_ ‘I c ’i  l c ’i ,s’ n ,  - c ’~~ ot i f l i c i tu tt ig  1 2 1  and ( 1)  , we thie ’in t sb t . ij i u

II C i ’  - i
\

) L .II = 0( i -~
r11’

o h  i , , ’h i t 100’:; t h e  ~~~~~~~~~~~~~~~~~ from ( 2 . 8 )  t h a t

j 3 )  S I  - 
~1~~L = (i( I

-i 1 ~ ‘ - ; ~~~ I t  ~il t i ’ .i~ i’,’ i rn ~~ m t  hot - ( I  r,1
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Next , we show tha t ( 3 )  is sharp in the sense that wc ’ , ‘, , ; ; ; : , ‘t , ‘ l ’ t i i u i  - t  t a t e  i’e t 1 0 1

than ~‘t I 1
m
) i f  i ll  we ~~;ow about S i ;  that nt - - ;-

~~~
- - , - - ., - ,t ‘ - I n i l  ; • r , - e : o -~~n, ’, ’ t i n

rn-ifunct ion(al)s. For this , “~e exhibit a simp le ~t , N , ( t ~~l~~ - 
- 

~~~~~~~~~~~ n v  ‘ ‘i’m - 5 1

I ,~ t which

H (T — T~ ) c ,.*Il conist

*
We take ~ 1 , i . e . ,

* 1
~
‘ f 

~ 
! f ( t ) d t , a l l  f •

0

Then

* * * 1 * 1t CT — T~~)c .~ ) f  f ~
‘ C t )  

J 
(1 — l’~~1 T( t  , u )  f (- - )ds ,It

- 0 0

= /
1 

~ 
( 1 — P~1

) l t t , s) l elt f ( ~~~) c 1 ’ ;  ,

and , consequent ly ,

* * * 1(4) II (T — T~~)i~ (I H 
f 

e ( t , • )d t  1(
20

w i t h

e ( , s) ( 1 — P~ ) T ( . 1 s)

Next , we choose N 0m , N = Dm~~ and any appropriate ~~~~~ independent c ’ V r ’i

~
‘m • Then , for sane appropriate PS ~~

T(t,s) = N
~~
((t_s) ’/(m_1) t p ( tf l

= (t—s)~~~ /(rn—1) I —

f o r  some appropr iate q < . ~ 1so , P is t hen iuii t- ç~ , i.e. , i n n t  er i’olat  ;, - c;;

t rom at the  col locat ion points  ( i , . )~~~ . Therofor o , w i t  Ii t Si n ’ u: ; :;uml’t u ’ s ;  i t

e ( ’ , s) = ( 1 —

wI- ic re -’

T0
( . ,5)  : ( - ~ )

15_l 
‘ ( n - I )  I

Further , cC • ,;; l  C I — Q ,~
) T~ C • , s) vani she; ; on every m t  ‘‘ n v i  I ~ • whi oh s’ - -

not cofltain n in i t s  interior . Thus

j
l e(t , s)d t

0 t i



wit I; i n ’ S i c c - ; . ’ i u  1iL~ t h a t  ( t  • t - + ~“-n t  a iii ;; s . On this interval , we change variables
ii:: 1115

= ~~ ( - ~ ( t  + t , ‘ 4 i  ,\t )/21 ; 1+ 1
‘*e ’ ‘ I ; :  ‘,.- u i t t ’

1 • n ; l n l t  C l  - 

~)T
0 C c ’ . ( t ) ,~~) 

1 di, ‘

1; 1 - - -  ‘.i’ i i  i ~~~t t ’1 c i i ’ i - c l ;  I - t i l f l c ’t ion;; of at the points 
~

‘ ‘ • k a l l
i , : ;  ( — t , I~ . ~~;;; c - . t t ; ; c c , w ith ; - ‘ :
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~~~ = 

t . r n - i  

~ - , ) m-i / (~~~1) ,  
,
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(~~) 1 
n ’ ( t , - , l , I t  1~~~~~~~ / (~ -1)! • ~‘( o ) , ~~~~~ ‘~~~~~~( c )  t . .
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~~ := Ci - ~~) Ci - 

~~~ 
rn -i  

‘I ;

NOte tha t  S i ’  ~ 0 0 1 l )C~~~, 0 . 5 .  , ~‘ ( — “1 = 0 for  
~ 

, hence , then
ci 

— ,) rn ~ d~ = (1 — ,) rn /m ~ 1) f o r  ~‘ ~~ ‘~ < 1- 
+ k

Not.’ cc ’nibj n , ’ (4 )  and (“ 1  t ,~’ cli,’! t h . it
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~~~~~~~~ 
1

2 

~ 
( ,~t ./2 )~~~~~ .
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It is shown that simple eigenvalues of an m—th order ordinary d i f f e r e n t i a l
equation ar e approximated within O( I t i I 2 k) by collocation at Gauss points with
p iecewise polynomial functions of degree < m+k on a mesh A. The same rate is
achieved by certain averages in case the eigenvalue is not s imple .  The argument
relies on an extension and simplification of Osborn ’s recent rcsults concern ing
the approximation of eigenvalues of compact linear maps.
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